The aim of this study was to develop taper functions for plantation grown Sitka spruce ( Picea sitchensis (Bong.) Carr.) and Scots pine ( Pinus sylvestris L.) in Northern Britain. Data were collected from stands in Scotland and Northern England and several taper functions were tested. After model fi tting and validation , three variable -exponent taper functions gave the best results and were refi tted using non-linear mixed -effects techniques. The use of the mixed-effects modelling approach improved the precision of the taper functions by between 45 and 63 per cent. The taper functions which gave the best results based on fi t and validation statistics, model simplicity and overall model behaviour are recommended as stem profi le models for Scots pine and Sitka spruce growing in Northern Britain. The models obtained are useful in predicting diameters at any height along the tree bole and can be used jointly with diameter distribution models and height diameter models to defi ne product assortments. They can also serve as link functions between tree growth and timber quality models and for biomass quantifi cation in carbon accounting.
Introduction
Studies on stem form and taper of trees have been undertaken for over 100 years ( Jiang et al ., 2007 ) , yet no single theory or model exist that adequately explains the variation in stem form for all species ( Newnham, 1988 ) . Rather than continue in a search for theories of stem form, foresters adopted an empirical approach, which attempts to describe the rate of change of stem diameter with increased height using mathematical models called taper functions or stem profi le models. The importance of taper functions is demonstrated by the multitude of models in current use, varying in complexity from simple (e.g. Kozak et al ., 1969 ; Ormerod, 1973 ) to polynomial ( Bruce et al ., 1968 ; Goulding and Murray, 1976 ; Laasasenaho, 1982 ) , polynomial segmented (e.g. Max and Burkhart, 1976 ; Demaerschalk and Kozak, 1977 ) , geometric-orientated ( Parresol and Thomas, 1996 ) and variable -exponent taper functions (e.g. Kozak, 1988 ; Newnham, 1988 Newnham, , 1992 . The multiplicity of these models is probably due to the fact that stem form variation is under the infl uence of several factors, including climatic fl uctuations, site quality, species, stand age and stand density ( Muhairwe et al ., 1994 ) .
With recent multiple demands in forest products and utilization standards, taper functions are essential ( McTague and Bailey, 1987 ) . They are especially useful when product demand is expressed in terms of tree dimensions or assortments and allows for predictions of product mixes and hence the economic value of the tree (Busby and Ward, 1989 , cited in Parresol and Thomas, 1996 ; Sharma and Zhang, 2004 ; Trincado and Burkhart, 2006 ) . Also, because of their fl exibility, they are commonly included in forest inventory and growth projection systems ( Trincado and Burkhart, 2006 ) . As summarized by Kozak (2004) , ' taper functions provide forest managers with estimates of ( 1 ) diameter at any point along the stem, ( 2 ) total volume, ( 3 ) merchantable volume and merchantable height to any top diameter and from any stump height and ( 4 ) individual volumes for logs of any length at any height from the ground ' . They can also provide an estimate of the height in a tree at which a particular diameter occurs.
Taper functions for Scots pine ( Pinus sylvestris L.) and Sitka spruce ( Picea sitchensis (Bong.) Carr.) 
in Northern Britain
Stem taper is also an important measure of timber quality as it strongly infl uences the effi ciency of timber processing and , therefore , the potential market value ( Knauft, 2004 ) . While traditional stem taper models focus on the external form of the stem, timber quality studies are also concerned with the internal geometry of the stem in terms of ring distribution and ring widths ( Deleuze and Houllier, 2002 ) . Taper functions are required to reconstruct both the external geometry of the stem and the inner ring distribution as well as past profi les Saint André et al ., 1996 ; Larsen and Scott, 2009 ). They also serve as a link between tree growth and timber properties ( Houllier et al ., 1995 ; Leban et al . 1996 ; Saint André et al ., 1996 ; Ikonen et al ., 2003 ) . By linking wood quality models with growth models, forest managers and planners are able to incorporate wood quality considerations into forest management practises .
Grading computer software (cross-cutting simulators) on modern harvesters and timber grading rules in sawing simulators use taper functions to defi ne quality properties related to stem size and form for timber procurement optimization ( Ikonen et al ., 2003 ) . Likewise pre-harvest inventories and decision support systems for sawmill wood procurement use taper functions as sub models to defi ne product breakdown according to various log grade specifi cations or assortments (e.g. Deadman and Goulding, 1979 ; Nieuwenhuis, 2002 ) .
Silvicultural studies and genetic improvement research are not only concerned with increase in volume yields but also in the improvement of tree form following stand treatment. Taper functions have been useful in the assessment of the impacts of stand treatment (e.g silvicultural and fertilization ) on stem form (e.g. Lowell, 1986 ; Bouillet, 1993 ; Tasissa et al ., 1997 ; Younger et al ., 2008 ) . They have also been useful in predicting the static properties of tree stems ( Corona, 1992 ) .
As forest and wood products become increasingly recognized within the Intergovernmental Panel on Climate Change/United Nations Framework Convention on Climate Change framework as a carbon sink, the need for more accurate and fl exible estimation techniques for woody biomass and carbon stored in forests and woodland ecosystems has increased ( Lizarralde et al ., 2008 ) . There is increasing committment to the development of national carbon accounting systems for reporting on carbon sequestration and emissions ( Snowdon et al ., 2002 ; Matthews and Broadmeadow, 2009 ) , and taper functions are helpful, especially in modelling carbon allocation, partitioning and accounting within-tree sections ( Deleuze and Houllier, 2002 ) . For example, Thomas et al . (1995) used a combin ation of taper and specifi c gravimetric equations to estimate biomass for longleaf pine ( Pinus palustris Mill.), while Lizarralde et al . (2008) demonstrated how taper functions can be used to quantify the amount of carbon stored in wood products . Parresol and Thomas (1996) and Gregoire and Schabenberger (1999) also demonstrated the usefulness of taper functions in biomass predictions, and Parresol and Thomas (1989) presented a density-integral technique, which allows for simultaneous estimation of stem profi le and biomass as a better alternative to the weight ratio approach.
Sitka spruce is the most abundant commercial timber species in Great Britain, followed by Scots pine. The combined standing volume for the two species was estimated at 91.1 million m 3 (56.7 per cent of growing softwood) in 1990 and had risen to 154.4 million m 3 ( ~ 63.5 per cent of softwood growing stock) by 2005. It is projected that in 2010 the combined volume for the two species will be 183.4 million m 3 (65.3 per cent of softwood growing stock) ( FRA, 2010 ) . Growth and yield modelling research has been undertaken for both these species growing in Britain and yield tables have been developed ( Edwards and Christie, 1981 ) while timber quality modelling began more recently (e.g. Leban, 2003 ; Achim et al ., 2006 ; . There are increasing demands in the UK for multiple wood products (sawlogs, small roundwood and biomass) and accurate information is needed on timber assortment and recovery from forest stands of Sitka spruce and Scots pine. Presently, there are no published taper functions for British grown timber species, and the objective of this study was to develop fl exible taper functions for plantation grown Sitka spruce and Scots pine in Northern Britain that can be used for the range of requirements detailed above.
Materials and m ethods

Data collection
The Scots pine data used to develop the models came from four sites in Northern Scotland ( Table 1 and Figure 1 ). Data collected from 11 sites in another study described in Auty (2011) was used as an independent dataset for model validation ( Table  2 and Figure 1 ). Sitka spruce data w ere collected from eight sites in Scotland and Northern England ( Table 1 and Figure 1 ). Details can be found in Leban (2003) and Achim et al . (2006) . An independent data set described in Gardiner and Macdonald (2005) from two sites in Scotland (Lochaline and Benmore) was used for model validation ( Table 2 and Figure 1 ) .
In each study site, sample trees were felled and their diameters measured, over bark, at stump height ( ≈ 0.1 m above ground level), at 1 m, at breast height (1.3 m above ground level) and at 1-m intervals thereafter up to tree top. Two diameter measurements were taken perpendicular to each other with callipers and averaged to give an estimated mean diameter. Table 3 gives summary statistics for the ' fi tting ' and ' validation ' datasets used in the study .
Model selection and development
Several taper functions in the forestry literature were examined for their potential to model the taper of Sitka spruce and Scots pine. Fifteen taper functions were tested at a preliminary stage, including various variable -exponent taper functions ( Newnham, 1988 ( Newnham, , 1992 Kozak, 1988 Kozak, , 2004 . Preliminary analysis consisted of fi tting these functions to the fi tting datasets and testing their goodness-of-fi t using the coeffi cient of determination ( R 2 adj ) and root mean squared error (RMSE). Given that the models will be used for stem profi le predictions, we were also interested in their predictive abilities. Model validation is used to assess how well or poorly a model can perform when used for prediction TAPER FUNCTIONS FOR SCOTS PINE AND SITKA SPRUCE 51 purposes. In this study, the mean predictive abilities of the taper functions were evaluated at various relative heights along the stem using the independent or validation datasets. The following criteria were used in the validation:
Mean error (ME):
where e i = prediction error or difference between the observed diameter ( y i ) and the predicted diameter ( ) i y at point i along the stem. RMSE :
where S D = s tandard deviation of the predicted errors. RMSE combines ME and variance and is a measure of overall prediction accuracy ( Cochran, 1977 ) . Mean per cent error (MPE%) :
where y is the mean value of the observations Mean absolute error (MAE) :
The best models retained based on low ME , low RMSE , low mean per cent error and low mean absolute error were refi tted to the pooled datasets ( fi tting and validation datasets) using non-linear regression procedures in SAS Institute Inc., 2004. Mixed-effects modelling was fi nally undertaken to explore the possibility of improving on the model estimates. ( Houllier et al ., 1995 ) and Atlas cedar ( Cedrus atlantica Manetti) by Courbet and Houllier (2002) . It was originally adapted from Newnham's (1992) variable-form taper functions ( Houllier et al ., 1995 ) . Models [2] and [2b] are modifi ed versions of Kozak's (1988 Kozak's ( , 2004 variable -exponent taper function. Model [3] was used to the model stem profi le in Norway spruce in France ( INRA/ENGREF, 1999 ). Leban (2003) adapted this model to Sitka spruce by including age as a covariate; however, in the present study , age was not included because it was found to be non -signifi cant, for either species. Model [3b] is similar to Model [3] except that there is no total tree height ( ht ) / diameter at breast height ( d . b . h . ) term.
Model description
Mixed -effects modelling
Datasets used for developing taper functions are usually hierarchical and based on successive measurements of tree diameters along tree stems ( Leites and Robinson, 2004 ; Diéguez-Aranda et al ., 2006 ; Trincado and Burkhart, 2006 ) . Within-tree observations are likely to be correlated with each other ( Tasissa and Burkhart, 1998 ) , and the use of ordinary least squares regression methods may violate assumptions such as independence and homogeneity of variance. Even though the resulting parameter estimates may be unbiased ( West et al ., 1984 ) , their variances (and standard errors) may be biased or inconsistent. The model may also suffer from the problem of autocorrelation.
Mixed-effects models can effectively account for both within-and between-subject correlation and can provide model fl exibility, particularly in data sets with multiple hierarchical levels ( Pinherio and Bates, 2000 ) . They allow for modelling of the covariance structures in correlated datasets and have been successfully used to handle autocorrelations for tree taper data ( Tasissa and Burkhart, 1998 ; Fang and Bailey, 2001 ; Trincado and Burkhart, 2006 ) . Mixed -effects models allow fi xed and random parameters to be estimated simultaneously ; hence , local and generalized models can be combined in the fi xed model structure and nested variability can be defi ned using random parameters.
In this study, we used the %NLINMIX macro in SAS ( SAS Institute Inc., 2004 ; Littell et al ., 2006 ) to estimate the fi xed and random-effects parameters. Models were compared using the Akaike's information criterion (AIC), the Schwarz's Bayesian information criterion (BIC) and log-likelihood (LLK) (Weiss, 2005 , cited in Yang et al ., 2009a . 3b] provide the best results for Sitka spruce. The fi tting and validation datasets were then pooled together for each species, and the three models refi tted, fi rst using non-linear ordinary least squares and then using mixed-effects modelling techniques.
Results
Model fi tting and validation
profi les for Scots pine, while Models [2b] and [
Mixed-effects models
Non-linear ordinary least squares were used to fi t the pooled datasets, as a preliminary step to mixed -effects modelling. 
d.b.h.
.
(1 ( ) exp( ( ) )) ,
where α 0 to α 3 , β 0 to β 4 and φ 0 to φ 4 are fi xed-effects coeffi cients and the u 0 to u 4 are the random coeffi cients ; e i = random error and x , x 1 and z are as defi ned in Table 4 . Coeffi cients and fi t statistics for both fi xed-and mixedeffects models for Scots pine are presented in Tables 8 and 9 , while those for Sitka spruce are shown in Tables 10 and 11 . For the fi xed-effects models ( Garber and Maguire (2003) and Yang et al . (2009a) . Given that the arbitrary setting of p to a fi xed value has no real justifi cation and that this may not be an optimum point of infl ection, the use of Model [3b ′ ] is probably preferable for Sitka spruce in Northern Britain.
Discussion
This study compared a number of taper functions for predicting stem profi les of Scots pine and Sitka spruce in Northern Britain. Three taper functions all belonging to a family of variable-form ( Newnham, 1988 ( Newnham, , 1992 or variable -exponent ( Kozak, 1988 ( Kozak, , 2004 taper functions emerged as the best models. Their superior performances support the recent and increasing use of this type of taper function for a range of tree species growing elsewhere. For example, the Kozak-type variable -exponent taper functions have been used to model stem profi le for various species, including Douglas fi r, western red cedar ( Thuja plicata Donn.), lodgepole pine ( Pinus contorta Dougl.) and cottonwood ( Populus trichocarpa Torr. and Grey) in Canada ( Kozak, 1988 ) ; maritime pine ( Pinus pinaster Ait.) in Spain ( Rojo et al ., 2005 ) ; boreal black spruce ( Picea mariana (Mill)) in Canada ( Leujeune et al ., 2009 ) ; lodgepole pine ( Pinus contorta var. latifolia Engelem.) in Alberta Canada ( Yang et al ., 2009b ) ; Pinus oocarpa Schiede in Honduras ( Perez et al ., 1990 ) ; Norway spruce and red alder ( Alnus rubra Bong) in Canada ( Bluhm et al ., 2007 ) . In France, modifi cations of Newnham's (1992) variable-form-type taper function have been used to model stem profi les for Norway spruce and Douglas fi r ( Houllier et al ., 1995 ; INRA/ENGREF, 1999 ) . 
(1 ) .
(1 exp( )), predicting diameters for red spruce ( Picea rubens Sarg.) and white pine ( Pinus strobus L.).
Mean prediction errors obtained at relative heights along the stem are generally low (except for the butt section for Sitka spruce) and are similar to those reported in other studies (e.g. Kozak, 1988 ; Perez et al ., 1990 ; Fonweban and Houllier, 1997 ; Garber and Maguire, 2003 ; Wang et al ., 2007 ; Leujeune et al ., 2009 ; Yang et al ., 2009a ; Yang et al ., 2009b ) . Results obtained also compare well with those reported for segmented taper functions (e.g. Leites and Robinson, 2004 ; Trincado and Burkhart, 2006 ) . The poor predictions at the butt section for Sitka spruce could be due to the butt swell exhibited by Sitka spruce trees at stump height ( ≈ 0.1 m) ( Nicoll and Ray, 1996 ) . Taper functions One appealing property of these functions is their ability to model the continuous and gradually changing stem form along the tree bole with a single function. Comparative studies have demonstrated their accuracy with respect to higher order polynomials (e.g. Bruce et al ., 1968 ) , compatible taper functions and segmented taper functions (e.g . Max and Burkhart, 1976 ; Demaerschalk and Kozak, 1977 ) . From a comparative study of 31 taper functions, Rojo et al . (2005) obtained the most accurate predictions of diameters at specifi c heights, merchantable volume and total volume for maritime pine in Spain using variableexponent taper functions. In a recent comparative study of 10 commonly used taper functions, Li and Weiskittel (2010) obtained the best results with Kozak's (2004) have often been shown to predict butt sections poorly, especially for trees with pronounced butt swelling such as bald cypress ( Tarodium distichum (L.) Rich.) ( Parresol et al ., 1987 ) . Wang et al . (2007) also reported problems fi tting the butt section of trees in Taiwan plantations with most taper functions. Some complicated taper functions have also been shown to fi t portions of the tree stem very well and other sections very poorly ( Demaerschalk and Kozak, 1977 ) . The use of segmented polynomial functions has been recommended under such circumstances ( Max and Burkhart, 1976 ) . However, given that the profi le of the main portion (timber section) of the stem is well predicted, the butt errors may be of little practical signifi cance because this height, which corresponds closely to stump height (generally below 0.5 m), is usually not harvested, except sometimes for biomass.
The use of a mixed-effects modelling approach led to a considerable reduction in RMSE in all three models. For Scots pine , this reduction ranged from 45 (Model There are also considerable reductions in AIC, BIC and loglikelihood, an indication of model improvement. These improvements are in agreement with other studies (e.g. Leites and Robinson 2004 ; Trincado and Burkhart, 2006 ; Yang et al ., 2009a , and references therein). These improvements highlight the importance of using mixed-effects modelling .
Although not the main aim of developing taper functions, one desirable characteristic is for them to be able to provide volume estimates to various top diameter limits when integrated. Variable -exponent taper functions have a drawback in that they do not possess a closed-form integral ( Kozak 1988 ; Perez et al ., 1990 ) ; and hence approximations or numerical integration techniques have to be used ( Fonweban, 1999 ) . This disadvantage is also common to most polynomial taper functions (e.g. Bruce et al ., 1968 ) and approximate methods are needed (e.g. Martin, 1984 ) . One exception is the segmented polynomial taper function by Max and Burkhart (1976) (see Bryne and Reed, 1986 ) . However, when the main aim of a study is to estimate tree volumes, it is preferable to develop separate volume and volume ratio equations ( Burkhart, 1977 ; Cao and Burkhart, 1980 ) , which are more accurate for this purpose than taper functions.
One problem we faced in fi tting the Kozak-type functions was that of determining the point of infl ection, defi ned by parameter p . The model faced convergence problems, especially at the mixed -effects modelling stage and we were obliged to set its value at 1.3/ ht , as has been done in some previous studies (e.g. Newnham, 1992 ; Garber and Maguire, 2003 ; Yang et al ., 2009a ) . Different studies have obtained varying locations for the infl exion point for different species, including Kozak (1988) who estimated this parameter at 25 per cent for Douglas fi r, lodgepole pine and cottonwood, and at 30 per cent for western red cedar in British Columbia; Perez et al. (1990) set this parameter at 25 per cent of total height for Pinus oocarpa Schiede and Yang et al . (2009b) estimated this value at 37 and 40 per cent for white spruce ( Picea glauca (Moench) Voss) models. The point of infl ection, therefore , seem s to vary with species and can be diffi cult to determine. By setting the value at an arbitrary point, we are not sure if this is the optimum point or not. Hence, although Model [2b ′ ] produced slightly better results than Model [3b ′ ] for Sitka spruce, we recommend the use of the latter (Model [3b ′ ]) for predicting stem profi les for Sitka spruce in Northern Britain.
Mixed-effects models can be used for both populationlevel and tree-level predictions. Population-level predictions produce a mean response using only the fi xed-effects parameters, by setting the random parameters to zero. For predictions of individual or tree -specifi c response, one or more prior diameter measurements are needed from each tree ( Yang et al ., 2009b ) and the use of an approximate Bayes estimator ( Vonesh and Chinchilli, 1997 ; Trincado and Burkhart, 2006 ) . The estimation of random coeffi cients requires bespoke programmes written to undertake this task (see examples in Trincado and Burkhart, 2006 ; Huang et al ., 2009 ). The variance -covariance estimates are needed for estimating random-effects coeffi cients used with these programmes . Given that the present study is more concerned with mean responses and predictions rather than hypothesis testing, we have not attempted to produce a specifi c SAS procedure for estimating random-effects coeffi cients as was done by Trincado and Burkhart (2006) and Huang et al . (2009) .
Conclusion
The aim of this study was to develop taper functions for plantation grown Sitka spruce ( Picea sitchensis (Bong.) Carr.) and Scots pine ( Pinus sylvestris L.) in Northern Britain. After model fi tting and validation , three variable -exponent taper functions gave the best results and were refi tted using non-linear mixed effects techniques. The use of a mixed effects modelling approach improved the precision of the taper functions by between 45 and 63 per cent. Two of the taper functions gave the best results based on fi t and validation statistics, model simplicity and overall model behaviour and are recommended as stem profi le models for Scots pine and Sitka spruce in Northern Britain. The models obtained are useful in predicting diameters at various heights along the tree bole and could be used jointly with diameter distribution models and height diameter models to defi ne product assortments. They could also be useful as link functions between tree growth and timber quality models and in biomass quantifi cation in carbon accounting.
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